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ABSTRACT
Variability is the heterogeneity of values within a population. Uncertainty refersto lack

of knowledge regarding the true value of a quantity. Mixture distributions have the potentia to
improve the goodness of fit to datasets not adequately described by a single parametric
distribution. Uncertainty due to random sampling error in statistics of interests can be estimated
based upon bootstrap simulation. In order to evaluate the robustness of using mixture
distribution as basis for estimating both variability and uncertainty, 108 synthetic datasets
generated from selected population mixture lognormal distributions were investigated, and
properties of variability and uncertainty estimates were evaluated with respect to variation in
sample size, mixing weight and separation between components of mixtures. Furthermore,
mixture distributions were compared with single component distributions. Findings include: (1)
mixing weight influences the stability of variability and uncertainty estimates; (2) bootstrap
simulation results tend to be more stable for larger sample size; (3) when two components are
well separated, the stability of bootstrap simulation is improved; however, alarger degree of
uncertainty arises regarding the percentiles coinciding with the separated region; (4) when two
components are not well separated, a single distribution may often be a better choice because it
has fewer parameters and better numerical stability; and (5) dependencies exist in sampling
distributions of parameters of mixtures and are influenced by the amount of separation between
the components. An emission factor case study based upon NOy emissions from coal-fired
tangential boilersis used to illustrate the application of the approach.

KEY WORDS: Variability; uncertainty; mixture distributions; parameter estimation; bootstrap
simulation
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1.0 INTRODUCTION
Variability is the heterogeneity of values with respect to different times, locations, or

members of a population. Uncertainty, also referred to as fundamental or epistemic uncertainty,
arises due to lack of knowledge regarding the true value of a quantity. 2 3% Both variability
and uncertainty may be quantified using probability distributions. Kaplan and Garrick © suggest
that uncertainty regarding variability may be viewed in terms of probability regarding
frequencies. Morgan and Henrion © and Frey () suggest that variability is described by a
frequency distribution, and that uncertainty is described by probability distributions.
Probabilistic methods are being devel oped to quantitatively describe both variability and
uncertainty. & 91111213 The recognition of the distinction between variability and uncertainty,
especially with regard to potentially sensitive or highly exposed subpopulations in risk
assessment, is growing. ™ There is a growing track record of the use of quantitative methods for
characterizing variability and uncertainty in various applications including human health or
ecological risk assessment and probabilistic emission estimation for various emission sources,
including power plants, non-road mobile sources, and natural gas-fired engines,t* 12 15.16.17. 18)
A widely accepted method for uncertainty analysisis to identify inputs to a model that
are known to have uncertainties, and to quantify the uncertainties in each input using a
probability distribution model.* 2% 2) Commonly used probability distribution models include
empirical and parametric distributions. In contrast to empirical distributions, parametric
distributions allow for interpolation within the range of observed data and for extrapolation
beyond the range of observed data to represent the tails of the distribution. The choice of
empirical versus parametric distributions is not inherently a matter of right or wrong, but more a

matter of preference of the analyst.®? In practice, a parametric distribution is often used since it
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is a compact means for representing variability in a quantity.

Single component distribution models such as the normal or lognormal distribution are
often used to describe variability or uncertainty in a quantity. However, single component
distributions might not well describe the variation in a quantity for some cases, such as when the
data are actually based upon a mixture of two subpopulations. The use of single component
distributions that are poor fits to data could lead to bias in variability and uncertainty analysis. A
possible alternative is to use afinite mixture of distributions. A mixture distribution is
comprised of two or more component distributions that are each weighted. Typically, a mixture
distribution will produce a better fit to a data set than a single component distribution, because
there are more parameters in the mixture distributions.

Mixture models have been used in the physical, chemical, biological and socia science

fields. For example, Harris ®®

applied mixtures of geometric and negative binomial distributions
to modeling crime and justice data. Kanji *¥ described wind shear data using mixture normal
distributions. Wedel et al.® utilized afinite mixture of Possison distributions to model the data
on customer purchases of books offered through direct mail. In human exposure and risk
assessment, Burmaster and Wilson®® used mixture lognormal models to re-analyze data sets
collected by the U.S. EPA for the concentration of Radon®? in drinking water supplied from
ground water, and found that the mixture model yielded an improved fit to the data not
achievable with any single parameter distributions.

Frey and Rhodes @ 9 presented a two-dimensional probabilistic approach for
simultaneously quantifying variability and uncertainty based on single distributions featuring the

use of bootstrap smulation. This general approach is adopted here. However, the approach is

extended to include mixture distributions.
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Because a mixture distribution has a more complicated mathematical form and more

parameters than a single component distribution, the processes of parameter estimation and

guantification of variability and uncertainty are more challenging. These challenges motivate the

following key questions that are addressed by this paper:

1.

2.

How should the parameters of mixture distributions be estimated?

How should random numbers be generated from mixture distributions for
purposes of bootstrap sampling?

How should confidence intervals be developed for statistics estimated from a
mixture distribution?

How robust are results based upon mixture distributions with respect to sample
size, mixing weight, and degree of separation between components of mixtures?
Under what circumstance is a single component distribution preferred over a
mixture distribution?

What is the nature of the dependencies among the parameters of a mixture

distribution?

This paper answers these six questions. In addition, the approach for using mixture

distributions and bootstrap simulation is illustrated with a case study of an empirical dataset.

This paper focuses on mixture lognormal distributions with two components since alognormal

distribution describes random variability resulting from multiplicative processes and often well

describes the concentration of a chemical in the environment % 2", However, the methods

introduced here can be extended to other components and to mixture distributions with more than

two components.
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20 METHODOLOGY
In this section, methods for fitting mixture distributions to data and methods for

guantifying uncertainty in statistics estimated based upon mixture distributions are presented.
2.1  Definition of Mixture Distribution
According to the definition from Titterington et al. ®®, a mixture model for arandom
variable or vector, X, is represented by a probability density function:
f(x) =w,f,(x)+w,f,(X)+xw,f, (X) (D)
With
w; >0 for j=1,....,k
And

W, +wW, +xxt+w, =1

Where,
f(x) = Probability density function for the mixture model
fu(X) = Probability density function (PDF) for a component of the mixture.
wx = The mixing weight
k = number of componentsin the mixture

A mixture model with two components is expressed as.
f(x) =wh, (x) + (L- W)f,(x) 2
with O£ w£1. For atwo component lognormal distribution, f,(x) has the following form:

1 g (09 -a)°0
Jpbx & P g

f(x) = 3

Where,

a, = Themean of In(x) in the ith component of a mixture model
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b, = The standard deviation of In(x) in the ith component of a mixture model

22 Parameter Estimation of Mixture Distributions

Many methods have been devised and used for estimating the parameters of a mixture
distributions including, among others, Pearson’s Method of Matching Moments (MoMM),
informal graphical techniques and Maximum Likelihood estimation (MLE) approaches. ¥ Until
the use of computers became widespread in the 1960’s, only fairly simple mixture density
estimation problems were studied. MoMM has long been disfavored because of requirement that
(29,

at least some useful statistics be known when estimating the parameters in a mixture models.

%) However, this requirement cannot be met in many practical cases.

Prior to the widespread availability of computing resources, Cassie suggested graphical
procedures employing probability paper as an alternative to moment estimates. ® These
graphical procedures work best on mixture populations that are well separated in the sense that
each component has an associated region in which the presence of the other components can be
ignored. 39

With the advent of high-speed computers, interest turned to likelihood estimation of the
parameters in a mixture distribution. The general idea behind MLE isto choose values of the
parameters of the fitted mixture distribution so that the likelihood that the observed datais a
sample from the fitted distribution is maximized. %

MLE is selected as the preferred method for estimating parameters in a mixture
distribution due to its relative practicality and generality. In MLE, the likelihood function is
calculated by evaluating the probability density function for each observed data point

conditioned on assumed parameter values and multiplying the results. ®? Alternatively, and
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more commonly, the log-transformed version of the likelihood function isused. The MLE
parameter estimates can be obtained by finding the maximum of alog-likelihood function
through the use of anumerica analysis approach since analytical solutions are often not
available for mixture distributions.

The log-likelihood function of a univariate mixture distribution is given by:

n n é k l:l
L=a In[f(x,w,a,b)]=a Inga wf(x,[a b))g (4)
i=1 i=1  @j=1 u
Where,
&
aw, =1
j=1
n = the number of data points
k = the number of componentsin a mixture distribution

L,

L og-likelihood function

a;,b; = theparametersin the j'™ component in a mixture distribution

There are alternative approaches that can be used to find the maximum of Equation (4)
and, hence, obtain the parameter estimates of a mixture distribution. One is the Expectation-
Maximization (EM) algorithm.®®® The EM algorithm has the advantage of reliable global
convergence, low cost per iteration, economy of storage and ease of programming; however, its
convergence can be very slow in simple problems that are often encountered in practice,®® and
its results are strongly dependent upon the initial guesses assumed for the parameters.®® A
second approach is the Newton-Raphson iterative scheme. This scheme requires calculation of
the inversion of the matrix of second derivatives of the log-likelihood function, which is
complicated and must be done separately for each combination of parametric distributions

assumed in amixture (e.g., normal, lognormal, gamma, Weibull) thereby limiting general
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applicability.® 3% A third approach preferred here because of its computational efficiency isto
use nonlinear optimization methods to directly maximize the log-likelihood function.

The optimization problem for a mixture of two lognormal distributionsis:

Maximize L= é |n[Wf1(Xi|al,b1) +(1- W)fz(xi|a2’b2)] )
i=1
Subject to OEWEL
a,;, b,>0
a,,b,>0

This optimization problem is multidimensional and constrained. A variety of methods
are available to solve such problems. Although an algorithm which can deal with a constrained
problem has theoretical appeal, in practice, unconstrained methods are often easier to implement
and provide robust results. Optimal results are checked against the constrained conditions.
Those results that cannot meet the constraints can be abandoned and replaced during bootstrap
simulation; however, this phenomenon occurs rarely in most cases as described later. Common
unconstrained methods include the downhill ssmplex method; the direction-set method, of which
Powell’s method is the prototype; and others.® Powell’s method is employed because it can
provide reasonable estimation results and it is relatively easy to implement.

2.3  Quantification of Uncertainty in Statistics of I nterests Using Mixture Distribution
Uncertainty in a statistic attributable to random sampling error can be represented by a

sampling distribution.*® Sampling distributions are used to estimate confidence intervals for the
parameters of adistribution. A confidence interval for a statistic is a measure of the lack of
knowledge regarding the value of the statistic. There are avariety of methods for characterizing
uncertainty in statistics such as the mean or standard deviation, including analytical solutions and

numerical simulations. Analytical solutions are available for cases in which the underlying
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distribution for a data set is normal or for which the variance is small enough and/or the sample
size for adata set islarge enough (e.g., >30). If the underlying population distribution is not
normal and the sample size for a data set is small, anaytica methods based upon normality may
lead to significant errorsin the estimation of confidence intervals. Therefore, there is aneed for
amore flexible approach for estimating sampling distributions and confidence intervals when
mixture distributions are used.

Bootstrap simulation, introduced by Efron in 1979, is anumerica technique originally
developed for the purpose of estimating confidence intervals.®® This method can provide
solutions in situations where exact analytical solutions may be unavailable and in which
approximate analytical solutions are inadequate.®® Bootstrap simulation has been widely used in
the prediction of confidence intervals for avariety of statistics,® 2% 3:37.38)

In using bootstrap simulation, there are two major aspects. Thefirst is a procedure for
generating random samples from an assumed population distribution, and the second is the
method of forming confidence intervals for statistics estimated from the random samples.®> %

While there are standard numerical methods for drawing random samples from single
component parametric distributions,® 2° the methods for drawing random samples from mixture
distributions are more complicated in the context of bootstrap ssimulation. Although it is possible
to obtain a single random sample from a mixture distribution by sampling from a weighted
proportion of single component distributions, one of the objectives in bootstrap smulation isto
develop confidence intervals for al statistics, including the component weights. Therefore, it is
necessary to develop an estimate of the assumed population distribution in a manner that alows
for the weight to vary randomly from one bootstrap sample to the next. For this purpose, an

empirical distribution is used to represent the assumed population distribution for the mixture.

10
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Asshown in Figure 1, the first step in devel oping the assumed population distribution is
to generate alarge number of random samples using standard simulation methods. For example,
suppose there is a mixture of two lognormal components, one with a weight of 40 percent and
the other with aweight of 60 percent. In order to develop a stable and precise estimate of the
cumulative distribution function (CDF) of this mixture, one may simulate 2,000 or more random
values. Thus, on average 800 values would be simulated from the first component and 1,200
values would be ssmulated from the second component. These values would be rank-ordered to
describe an empirical cumulative distribution function of the mixture distribution.

Once an empirical representation of the assumed population mixture distribution is
available, it is then possible to randomly sample from it to generate bootstrap samples, as
indicated in Figure 1. From each bootstrap sample, the bootstrap replicates of the component
parameter values and of the weight may be estimated. For each bootstrap replication of the
distribution parameters, the mean and other statistics may be simulated.

There are several methods for forming bootstrap confidence intervals such as the
percentile, hybrid, bootstrap-t, and Efron’s BC.methods®>*” The percentile method is perhaps
the most frequently used in practice.®> *® The intervals from this method are the simplest to
obtain, use and explain. The Hybrid method is justified by asymptotic results for the bootstrap in
complicated models.®>3® The bootstrap-t and the BC, intervals are comparable in that both
have been demonstrated theoretically to be “second-order correct” for one-sided intervalsin
some relatively simple situations.®> *® The BC, method was recommended for general use,
especially for nonparametric problems;®> however, the process for estimating BC,confidence
intervals is complicated and the computation burden is heavy.®® Thus it appears that it is seldom

used in actual applications. Therefore, for simplicity and because it is the most widely used

11
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method in practice, the percentile method is used here to construct bootstrap confidence
intervals.

30 PARAMETRIC STUDY OF VARIABILITY AND UNCERTAINTY BASED UPON
MIXTURE DISTRIBUTIONS

In order to answer the fourth motivating question, synthetic datasets with different
sample sizes, mixing weights and magnitudes of separation between components were generated
from mixture lognormal distributions with two components. The assumed population mixture
lognormal distributions are described in Table 1.

Twelve groups of population mixture distributions were evaluated. The groups differ in
terms of the variability of each component and the relative degree of separation of the means of
the two components compared to the variability. For example, when m=1.0, s,=0.5, m=1.5,
s,=0.5, the means of the two components are separated by only one standard deviation and
therefore are said not to be well separated. However, when m=1.0, s,=0.5, m=6.0, s,=0.5, the
means of the two components are separated by 10 standard deviations and are said to be well
separated.

To investigate the effect of variation of mixing weights and sample sizes, first component
weights of 0.1, 0.3 and 0.5, and sample sizes of 25, 50 and 100 were studied parametrically for
each group. Therefore, there are 9 synthetic datasets for each of the 12 groups, for atotal of 108
synthetic datasets.

3.1  Evaluation of Robustness of Bootstrap Simulation Results

To illustrate the results obtained from the parametric study of different variability in
components, separation between components, mixing weights and sample sizes, a series of
results based upon Groups 5, 6, 7 and 8 are displayed graphically in Figures 2, 3, 4 and 5 for 1, 2,

4 and 10 standard deviation separation between the means of the two components, respectively.

12
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Each component in all four figures has a standard deviation of 0.5. The variation in sample size
and weight isillustrated by the panels of each figure. Each panel displays the assumed
population distribution and the 95 percent confidence interval on the CDF. The later was
obtained based upon bootstrap simulation.

Figure 2, which represents a situation with relatively little separation between
components, illustrates that the MLE optimization method works better for larger sample size
and for large weights for both components. Conversely, the method failed to provide parameter
estimates for small sample sizes and/or small weights for the first component. In situation where
parameter estimation fails for a bootstrap sample, the bootstrap sample is abandoned and
replaced with anew one. If this problem occurs ten times, the bootstrap simulation is judged to
fail and no results are reported. For the successful casesit is clear that the 95 percent confidence
intervals become narrower for a given component weight as the sample sizeincreases. Itis
difficult to visualy detect much difference in the population distribution or the confidence
intervals when comparing different weights for the same sample size.

Figure 3, 4 and 5 illustrate that the parameter estimation method becomes more robust as
the degree of separation increases, but that there are still combinations of small sample size (i.e.,
25 and 50) for the smallest weight considered for which the bootstrap results fail. However,
bootstrap results were obtained for cases of n=25 and w=0.3, and n=100 and w=0.1, which failed
for the smallest separation among components as shown in Figure 2. In general, the width of the
confidence intervals decreases as sample size increases. Although some separation of
components is evident in Figure 3, the separation is highly pronounced in Figures 4 and 5, as
revealed by the well-defined inflection points. The inflection points occur at a cumulative

probability equal to the corresponding weight. For example, as shown in Figure 5, the inflection

13
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point for a mixture distribution with aweight of 0.5 occurs near the median of the CDF.

As the degree of separation increases, the range of uncertainty for percentiles of the
distribution near the inflection point increases. Because the weight parameter isitself arandom
variable, there is uncertainty regarding the inflection point, leading to widening of the confidence
intervals around this point. Thus, even in Figure 3 where the separation is relatively small, there
isanoticeable “bulge” in the confidence intervals near the inflection point, especialy for the
small weights.

The results not graphically shown in this paper for case studies with s1=s,=0.1 and
$1=S2=1.0, yielded similar characteristics to the results with s1=5,=0.5 shown here.

40 COMPARISONSBETWEEN SINGLE DISTRIBUTIONS AND MIXTURE
DISTRIBUTIONS

For comparison purposes, single lognormal distributions were fit to the datasets generated
from the specified mixture population distributions listed in Table 1. Selected results comparing
the 95 confidence intervals of the CDF of a single lognormal distribution to the population
mixture distribution are shown in Figure 6 and 7 for cases of one and two standard deviation

separation between components of the population mixture, respectively.

Figure 6 illustrates that a single component distribution may appear to provide a good fit
to sample data from a population mixture distribution particularly if each component has alarge
weight, if the components are not well separated, and if the sample sizeissmall. For example,
for the case of n=25 and w=0.5, the confidence interval for the single component distribution
well encloses the population mixture distribution. As the sample size increases, bias near the
lower tail and the median become more pronounced. For the small weights, biases are evident in

the lower tail, which corresponds to the component with lessweight. Asthe degree of separation

14
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increases, biases associated with fitting a single component distribution become more
pronounced, as shown in Figure 7. In all cases, the tails and the inflection region are poorly
represented. With an increase in the separation of the components, the use of single component

distributions became clearly unreasonable.

Quantitative summaries of results for both fitted mixture and fitted single component
distributions are given in Tables 2 and 3 for w=0.3 and w=0.5, respectively. Both tables are
based upon n=100. The point values of the 2.5, 30, 50, 75 and 97.5 percentiles, and of the mean
and standard deviation, of the population distribution are given in each case. The 95 percent
confidence intervals for these statistics are aso given based upon the results of bootstrap

simulation.

In the case of the fitted mixture distributions, the confidence intervals enclose the
population valuesin al cases. However, when a single component distribution is used, biases
are more pronounced for the smaller weight, increased separation between components, and
increased variability for each component, and are particularly evident for percentiles near the
inflection point of the mixture distributions. Conversely, the results suggest that it may be
difficult to discern that a single component is not appropriate if the components are not well

separated and/or if the variability within the componentsis relatively small.

50 DEPENDENCIESAMONG SAMPLING DISTRIBUTIONS OF PARAMETERS
OF MIXTURE DISTRIBUTIONS

The dependencies among estimated parameters of a fitted mixture distribution were
investigated. Figures 8, 9, and 10 display scatter plots of bootstrap simulation results for
parameters of two component lognormal distributions with separation between components of

two, four and ten standard deviations, respectively, based upon n=100 and w=0.5.

15
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From Figure 8, there exists a positive dependency between parameters in most cases
except for by, for which there is negative dependency versusw, a;, a,, b;. For example, with an
increase in w, there are more samples with values that fall within the first component and fewer
samples that fall within the second component. Thus, there will be an increase in the means of
both components and in the standard deviation of the first component, simultaneous with a
decrease in the standard deviation of the second component because variability in the second

component is reduced.

When there is large separation between the two components, the variation in the mixing
weight will not lead to a substantial increase or decrease of mean in a component; hence, the
dependency between the parameters become weaker. For example, the correlation coefficients
between wand a; wand b;, wand a,, wand b, for the case of Figure 10 are -0.006, -0.02, 0.005
and 0.04, respectively. These results indicate that the dependencies among parametersin a
mixture distribution are strongly associated with the magnitude of separation between two

components.

6.0 ANILLUSTRATIVE CASE STUDY: NOx EMISSION FACTOR FOR A COAL-
FIRED POWER PLANT

The methodology for ssimulating variability and uncertainty based upon mixture
distributions is demonstrated via an empirical case study of a 12-month average emission factor
for atangential-fired, coal-fired boiler with low NO, burners and overfire air.®*® This dataset
cannot be fit well by any single distributions and the number of data pointsin the data set is
relatively small (n=36).

A mixture distribution with two lognormal components was fit to the case study dataset.

The parameter estimation results for the mixture of two lognormal distributions are:

16
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Mixing weight=0.352
1% component: Mean of In(x)=6.064, Standard deviation of In(x)=0.345
2" component: Mean of In(x)=6.269, Standard deviation of In(x)=0.0847

The fitted mixture distribution is shown in Figure 11 in comparison to the data, as are the
results of bootstrap simulation. The fitted lognormal distribution and the results of bootstrap
simulation are shown in Figure 12 as a comparison example. In Figure 11, all of the dataare
within the 95 percent confidence interval, and approximately 92 percent of the data are within
the 50 percent confidence interval indicating an excellent fit. In particular, thereis good
agreement between the right tail of the mixture distribution and the observed data. In Figure 12,
approximately 84 percent of the data are within of the 95 percent confidence interval and 33
percent of the data are within the 50 percent confidence interval, indicative of a poor fit.

It istypically the case that the confidence interval for a positively skewed fitted single
component distribution is widest at the upper percentiles of the distribution. However, in the
case of the fitted mixture distribution, there is also a widening of the confidence interval at a
cumulative probability between approximately 0.07 and 0.45. Table 4 shows estimates of
uncertainty in the parameters of the fitted mixture distribution. The 95 confidence interval of the
weight parameter is from 0.078 to 0.523. The range of uncertainty in the weight parameter
causes the ‘bulge’ in the confidence interval of the fitted mixture distribution for the cumulative
probabilities similar to the range of uncertainty in the weight.

Tables 5 and 6 summarize the results for the 95 percent confidence intervals of the mean
and 95™ percentile of variability, respectively, based upon the four distributions fit to the dataset.
The results are based upon the average of 10 bootstrap simulations, each with 500 bootstrap
samples. The numerical precision of the estimates is indicated by intervals given in brackets.

These intervals were estimated based upon the standard error of the ten bootstrap simulations.

17
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The standard error is typically less than 0.5 percent of the mean value, indicating that the results
are precise to ailmost three significant figures.

The upper bound of the 95 percent confidence interval for the mean based upon the
mixture distribution, which has a best estimate of 532 and a precision of 530 to 535, is
significantly lower than the values based upon the single component distributions. For example,
the corresponding estimate based upon the Weibull distribution is 543 with a precision of 542 to
545. Although the precision intervals for the lower bound estimates of the 95 percent confidence
intervals overlap, it appears that the mixture distribution implies a higher value of this quantity
than do the single component distributions. Therefore, the 95% confidence interval for the mean
is significantly narrower when estimated based upon the mixture distribution compared to the
single component distributions. The mixture distribution has a better fit to the upper tail of the
empirical distribution of the data.

The differences between the mixture distribution and the single component distributions
are more pronounced with respect to the 95 percent confidence interval for the 95" percentile of
variability. The mean estimate of this statistic is 638, with a precision of 631 to 645, based upon
the mixture distribution. In contrast, the mean estimate is significantly higher when based upon
any of the three single component distributions. The lower bound of the confidence interval
based upon the mixture distribution is 581 with a precision of 578 to 584. Thisis substantialy
lower than for any of the single component distributions. The upper bound of the confidence
interval is 750 with a precision of 739 to 762. Thisis significantly lower than for the other
distributions. Thus, the mean and the confidence interval of the mean for the 95" percentile have
significantly lower values for the mixture distribution compared to any of the single component

distributions. Thisis because the mixture distribution better fits the data in the upper tail and

18
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does not overestimate the tail.

7.0 DISCUSSION
The use of mixture distributions is a promising means to improve the estimates of

uncertainty in statistics estimated from the fitted distribution because of improved fit to data,
compared to single component distributions. However, thereisa"bulge" in the confidence
interval in the region of cumulative probability representing the inflection point between
components of the mixture. Thus, thereis aclear trade-off between improved fit based upon an
increased number of parameters and the range of uncertainty for at least portions of the CDF. As
Leoroux “? points out, the elimination of unnecessary componentsin a mixture might lead to
more precise estimates of the parameters, and, by extension, of other statistics. Thus, itis
important to have as many components in the mixture as needed to obtain a reasonable fit to the
data, but not to have too many.

Aside from the "bulge"”, the confidence interval can be relatively narrow for other
portions of the cumulative distribution and for some statistics. In the empirical case study, the
narrowest confidence interval for the mean was obtained from the mixture distribution. Thus, a
mixture distribution may yield the most statistically efficient estimate of the sampling
distribution of the mean. The results would vary in other cases. For example, if the weight
parameter led to an inflection point at a location similar to the mean, the confidence interval for
the mean could be comparatively wide.

80 CONCLUSIONS
Mixture distributions have the potential to improve the goodness of fit to datasets not

adequately described by a single parametric distribution. This paper successfully demonstrated

methods for fitting mixture distributions to data and for making inferences regarding uncertainty

19
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using illustrative two-component mixture lognormal distributions. The methods introduced here
can be extended to other components, more components, or both.

MLE method is preferred for parameter estimation of mixture distributions because of its
practicality and generality. For purpose of bootstrap simulation, a high-resolution empirical
distribution is recommended to represent the assumed population distribution for the mixture
distribution because it allows for the weight to vary randomly from one bootstrap sample to the
next. Bootstrap ssimulation is recommended for use in developing confidence intervals for
statistics estimated from mixture distributions since there are no analytical solutions available.

The robustness of variability and uncertainty analysis based upon mixture distribution
with respect to sample size, mixing weight, and degree of separation between components of
mixtures was evaluated. Results are more robust when components are of comparable weight or
the sample size is sufficiently large. When two components are well separated, the stability of
resultsis improved; however, larger uncertainty arises around the separated region.

A single component distribution may appear to provide a good fit to sample datafrom a
population mixture distribution particularly if each component has alarge weight, if the
components are not well separated, and if the sample sizeis small. Under these circumstances, a
single component distribution may be a better choice because it has fewer parameters and better
numerical stability.

Substantial dependencies exist in the sampling distributions of the five parametersin
cases with little separation between the components. However, with an increase of the
magnitude in the separation, the parameters become independent.

Recommended future studies include the extension of the approaches presented here to

other types of components or to mixture distributions with more components. The percentile

20
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method was used here to form bootstrap confidence intervals for both single component and
mixture distributions. There may be opportunities to obtain improved results with other
methods, such as the BC, method, with atrade of increased computational complexity.

The use of mixture distributionsis a promising method for improving the fit of
distributions to data and for obtaining improved estimates of uncertainty in statistics estimated
from the fitted distribution. The use of mixture distributions should be considered and evaluated
in situations in which single component distributions are unable to provide acceptable fits to the

data, or in situations in which it is known that the data arise from a mixture of distributions.
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Table 1. Selected Population Mixture Lognormal Distributions with Two Components

Group S =5 Group S=s Group S=s
No. m m 2=S2 No. m m 2=S2 No. m m 2=S2

1 10 11 01 5 10 15 0.5 9 10 20 1.0
10 12 01 10 20 0.5 10 10 30 1.0

2 6
3 10 14 01 7 1.0 3.0 0.5 11 10 50 1.0
4 8

10 60 05 12 10 10

10 20 01 0
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Table 2. Comparison of 95% Confidence Intervals of Selected Statistics of Single and Two Component Mixture Lognormal  Distributions
Fitted to the Sample from Mixture Populations with Varying Component Separation and Standard Deviation for n=100 and w=0.3

Population Parameters®  fiyeq 25 Ppercentile 30 Percentile® 50 Percentile 75 Percentile  97.5 Percentile Mean g‘ar.‘gfr d
m s: m S, Digt. ° PV (CI)°© PV (CI)°© PV (CI)°© PV (CI)°© PV (CI)°© PV (CI)°© p\‘f‘"(c'l‘)”l

Mixture  0.87(0.82-0.91)  1.01(0.98-1.04)  1.06(1.04-1.10)  1.14(1.11-1.17)  1.28(127-1.34)  1.06(1.02-1.07)  0.11(0.10-0.13)

11 ol Single 0.87(0.84-091)  1.01(0.981.04) 1.06(104-1.09)  1.14(1.11-117) 1.28(1.24-1.35) 1.06(1.02-1.07) 0.11(0.09-1.13)

12 o1 Mixture  0.85(0.82-0.94)  1.07(1.03-1.11) 1.15(111-1.18)  1.24(120-1.27)  1.39(1.33-1.44) 1.14(1.11-1.16) 0.14(0.12-0.15)

10 o1 Single 0.85(0.850.94)  1.07(1.03-1.09) 115(1.10-1.16) 1.24(1.19-127) 1.39(1.36-150) 114(1.11-1.17) 0.14(0.12-0.16)

14 o1 Mixtwe  087(081-093)  107(L05130) 134(129-138) 143(140-147) 158(153-164) 127(124132) 021(018023)

Single 0.87(0.83096)  107(110-1.20)  134(121-1.31) 143(1.35148) 158(1.64-1.88) 1.27(1.23-1.32) 0.21(0.19-0.26)

,0 i Mixtwre  087(082092) 177(105188)  194(183-197)  204(199-206)  218(212:222)  171(L60-178) 0.46(0.42:050)

Single 0.87(0.76-0.99) | 177(1.25148) 194(151-1.75) 204(1.97-2.20) = 218(268-345) 1.71(1.60-1.82) 0.46 (0.47-0.67)

15 o5 Mixtue  044(035064) 101(087-114) 127(L13141)  163(L50-182)  262(221-303) 134(123-145) 055(0.47-0.64)

Single 0.44(0.44-064)  1.01(0.87-1.09) 1.27(1.11-1.35)  1.63(1.48-1.83) 262(2.33-3.36) 1.34(1.16-1.39) 0.55(0.48-0.77)

2o 05 Mixture  0.43(0.35-0.62)  1.34(1.12-157)  169(157-1.88) 213(1.98-2.31) 3.01(2.66-343) 1.67(1.58-1.84) 0.68(0.59-0.78)

10 05 Single 043(0.46-0.72) | 1.34(1.02-1.31) 169(134167) 213(1.84-2.34) = 301(3.10-470) 1.67(153-187) 0.68(0.68-1.12)

a0 o5 Mixtwe  046(035063) 175(112-244)  267(247-285)  313(298-320)  402(365431) 235(215258) 106(0.94-115)

Single 046(0.450.82) | 175(121-1.72) 267(1762.33) 3.13(2.62-363) = 4.02(567-808) 2.35(2.14-2.82) | 1.06(1.252.22)

60 o5 Mixtwre 045036065  183(119-545) 564(548588)  613(603634) 693(670-7.24) 440(408497) 237 (209251

Single 045(0.34-097)  188(L57-2.78) | 564(2684.25  6.13(4.89-757) | 693(123-27.3) 4.40(4.03-622) 2.37(3.57-8.71)

b0 1o Mixwre  020(0.15040) 104 (084129) 148(L30-L76)  225(193260) 4.24(342523) 168(L5L-191) 1.07(0.85-1.26)

Single 0.20(0.21-0.46)  1.04(0.74-1.13)  1.48(112-1.60) 2.25(1.85-2.65)  4.24(3.99-7.99) 1.68(1.47-209) 1.07 (1.05-2.12)

a0 10 Mixtwre  020(014-037) 177(105208)  246(207-268)  326(290-355) 506(439-600) 241(212:265) 133(114-153)

10 10 Single 0.20(0.22-0.60) | 177(0.94-157) 246(154-232) 326(265401) | 506(6.16-127) 2.41(2.16-3.19) | 1.33(1.70-3.77)

co 1o Mixtwe 025012033 335(101-397) 439(395472)  526(495562)  7.00(639-7.72) 383(337-4.22) 204(188-2.35)

Single 0.25(0.23-0.82) | 325(124-237) 439(222-378) 526(4.25693) = 7.00(10.8-265) 3.83(351-557) | 2.04(3.12-9.16)

1o 1o Mixwure  023(014037) 887(105987) 105(985108)  114(110417) 129(124135 811(694877) 4.63(4.26-506)

Single 0.23(0.251.17) | 887(1884.74) 105(4.01-829) 11.4(9.14-176) | 129(309-96.7) 8.11(8.05-17.0) | 4.63(10.5-43.5)

& Arithmetic mean and standard deviation of each component.

P Fitted mixture is atwo component lognormal, single distribution is lognormal.

¢ PV=Population value, Cl =95 % confidence interval. Shading indicates that confidence interval does not enclose population value.
9 That the 30 percentile instead of 25 percentile was chosen is because there is weight of 0.3. The purpose is to observe how confidence
interval varies at the inflection point.
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Table 3. Comparison of 95% Confidence Intervals of Selected Statistics of Single and Two Component Mixture Lognormal Distributions
Fitted to Sample from Mixture Populations with Varying Component Separation and Standard Deviation for n=100 and w=0.5

Population Parameters * Fited  25Pecentile  30Percenile 50 Percentile 75 Percentile 975 Percentile Mean gte?/ri]gt?[) Or']
H [+ [+ [+
m s, m s, Dis PV (CI)° PV (CI)° PV (CI)° PV (Cl) PV (Cl) PV (Cl) o o
Mixture  0.84(0.81-0.89) 097 (0.94100) 104 (L01.1.07)  112(L09-1.16)  126(L22-132) 104(L02-107) 0.11(0.10-0.13)
11 ol Single  084(0.81-0.88) 097(0.94099) 104(101-107)  112(L09-115)  126(122-133) 104(102-107) 0.11(0.09-0.13)
L oy Mixte 084080089 099(095103) 110(105114) 120(116-124)  137(131-142) 110(LO7-112) 014(0.13-016)
0 o1 Single  084(0.80-0.89) 099(0.96-103) 110(105112) 120(L15-123) 137(133-147) 110(107-113) 0.14(0.12-0.16)
L4 oy Mitue 084080089  100(096104) 122(108132)  140(134143  156(L50-160) 120(L15-123) 022(020-024)
Single  084(0.76-0.87)  100(0.99-109) 122(1.13-123)  140(L28-141) 156(158-183) 120(116-124) 0.22(0.20-0.26)
so oy Mixe  085(079083) 099(094103) 120(107-190)  200(193-203)  218(210221) 149(138-158) 051(049-053
Single  085(061-0.82) 099(100-121) | 120(1.30-151) 200(163-196) 218(238319) 149(139-161) 051 (0.44-0.66)
L5 o5 Mixte 041033053 083(073099) 119(106-135) 158(144179) 258(218-312) 126(116-139) 057(048-069)
Single  041(0.36-057) 083(0.73-094) 119(1.02-127)  158(L38-175) 258(224-333) 126(116-139) 059 (0.49-0.77)
,o s Mixe  039(034053) 083(072-112) 148(125166) 199(L75219) 296(255344) 149(137-16) 0.71(061-08)
Lo o8 Single  039(0.36-058) 0.83(0.78-1.07) 148(1.16-150) 199(L64-217) 296(2.83-469) 149(136-169) 0.71(0.67-113)
s o5 Mixe  041(031052) 087(072-111) 206(124263)  295(269-315  380(353423) 197(174234) 113(099-123
Single  041(0.30-059) 0.87(0.82-184) | 206(1.37-1.91) 295(2.15-2.98) | 3.89(4457.99) 197 (L74-235) | 113(1152.16)
o o5 Mixe  037(031052) 088(073112) 230(131558) 599(575619)  679(657-7.16) 344(305400) 255(244-264)
Single  017(0.16-062) 083(0.79-169) 230(1753.10) | 509(350-590)  6.79(9.54236) = 3.44(291-491) | 255(2.81:543)
o0 10 Mixure  018(0.12028) 071(051-093) 131(107-154) 208(L74235) 432(319528) 154(13172) 111(085-141)
Single  018(0.15-037) 0.71(0.50-087) 131(0.95146) 208(L64-249) 432(3.757.95) 154(133-196) 1.11(0.97-2.32)
so 1o Mixe  018(012030) 071(050-L09) 189(137237) 293(249-330) 486(41259) 197(175227) 137(L18-16)
o 10 Sngle  018(0.14-042) 071(057-105) | 189(1.13184) 293(210-336) | 4.86(527-11.8) 197 (175-2.77) | 1.37(1.54-3.84)
o 1o Mixe  016(012027) 071(049-102) 355(136-4.16) 501(442528 678(60L-764) 306(256344) 226(205-246)
Single  016(0.12-049)  0.71(0.63-147) | 355(1.44280) 501(3.09-580) | 6.78(946:263) 3.06(2.66-4.98) | 2.26(2.99-10.3)
o 1o Mxue  016(011027) 069(043-106) B883(138-102)  109(105114) 127(123135) 602(52072) 509(488532)
Single  016(0.12-063)  0.69(0.90-248) | 883(2425651) 109(572-133) | 12.7(21.1:81.9) | 6.02(5.22-13.2) | 5.09(7.65-43.3)

& Arithmetic mean and standard deviation of each component.

P Fitted mixture is atwo component lognormal, single distribution is lognormal.

¢ PV=Population value, Cl =95 % confidence interval. Shading indicates that confidence interval does not enclose population value.
9 That the 30 percentile instead of 25 percentile was chosen is because there is weight of 0.3. The purpose is to observe how confidence
interval varies at the inflection point.
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Table4. Uncertainty of estimated parameters of mixture lognormal distribution fitted to 12-
month average NOy emission data for tangential coal-fired furnace with low NOy
burners and overfire air

Parameter Units 25" Percentile  Mean  97.5" Percentile
Weight 0.078 0.249 0.523
m g/GJ 5.560 5.910 6.223
Sq g/GJ 0.044 0.236 0.460
m g/GJ 6.219 6.267 6.318
S) g/GJ 0.042 0.109 0.223
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Table5. Comparison of Selected Statistics of the 95 Percent Confidence
Interval for the Mean Based Upon a Mixture Distribution and Three
Single Component Parametric Distributions (B=500).

D'StTr;%gl on Absolute Uncertainty Unigrﬁgi\;mfy*
25%[L,U]® Mean[L,U]°®  975%[L,U]° ()% (H)%

Mixture®  475[468,483] 504 [501,506] 532[530,535] -5.6 5.7
Normal 466 [463,468] 505[504,506] 545[543548]  -7.7 7.9
Lognormal 466 [464,469]  505[504,505] 546 [543,550]  -7.7 8.1
Weibull ~ 467[465469] 506 [505,506] 543[542,545]  -7.7 7.3

*: Negative Random Error= (2.5" Percentile —~Mean)/Mean,
Positive Random Error=(97.5" Percentile -Mean)/Mean
& Two component mixture lognormal distributions
[L, U]" Lower bound and upper bound based upon the precision of the average of ten
bootstrap ssimulation

Table 6. Comparison of Selected Statistics of the 95 Percent Confidence
Interval for the 95% Percentile of Variability Based Upon a
Mixture Distribution and Three Single Component Parametric
Distributions (B=500).

Distribution : Relative
Type Absolute Uncertainty Uncertainty*

25%[L,U]°> Mean[L,U]® 975%[L,UP° ()% ()%
Mixture®  581[578,584] 638[631,645] 750[739,762] -8.9 17.6
Normal 635[633,638] 701[699, 702] 768[765,772) -9.4 9.6

Lognormal 627 [623,633] 713[711,714] 813[808,819] -12.1 14.0
Weibull  627[624,631] 692[691,693] 778[770,785] -9.4 12.4

*: Negative Random Error= (2.5" Percentile —\M ean)/Mean,

Positive Random Error=(97.5" Percentile ~Mean)/Mean

> Two component mixture lognormal distributions

[L, U]" Lower bound and upper bound based upon the precision of the average of ten
bootstrap ssimulation

a
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Specify a mixture distribution P by estimating parameters from m
observed samples

|

Generate n (n>=2000) random samples from P. When a random
number from U(O, 1) is less than weight w, randomly sample from the
1% component of P, otherwise sample from the 2" component. Then
random samples form a cumulative density function for the assumed

population distribution F.

A 4
> Fori=1toB > Bootstrap Smulation
4 A N\
Generate m random samples from the assumed population distribution F
to form one Bootstrap Sample
& J
( . . . - - ¢ \
Fit a mixture distribution to each Bootstrap Sample by estimating a

Bootstrap Replication of the distribution parameters using nonlinear

optimization
\ J
> For nU=1to nU=q Two-dimensional simulation
NG T of uncertainty and variability

Select one group of distribution parameters to represent one possible
distribution for variability

'

e N

Simulate nV random samples from the specified distribution to represent

| variability )
A 4
Analyze results to characterize: )
- Confidence intervals for CDF
- Sampling distribution for mean, standard deviation, and
parameters y

Figure 1. Simplified Flow Diagram for Quantification of Variability and Uncertainty Using
Bootstrap Simulation Based upon Mixture Distributions
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Figure 2. 95 Percent Confidence Intervals of Cumulative Distribution Functions of Two Component Lognormal Distributions Fitted
to a Mixture Population Distribution (m=1.0, s1=0.5, m=1.5, 5,=0.5) for n=25, 50 and 100, for w=0.1, 0.3 and 0.5 Based on
Bootstrap Simulation (B=500)

32




prart: suomitied 10 RiISK Analysis

Sample . . .
P Weight=05 Weight=0.3 Weight=0.1
Value
= 1 14
3
Q 08 0.8
o
O o6 = Population 0.6 )
25 o Distribution Failed
2 04 —— 95% Confidence 0.4 4
@ Interval
S 024 0.2
e
8 0 T 0 f T T T 1
0 1 2 3 4 0 1 2 3 4 5
= 1 -
21
0.8
o) i
9 0.8 -
50 QO 06 0.6 1 Failed
[
2 041 0.4 1
o
S 0.2 0.2 1
e
S o ; 0 : ‘ ‘ ‘ ‘
O 0 1 2 3 4 0 1 2 3 4 5
= 1 1 -
= 17
3
O 084 0.8 - 0.8 -
e 0.6 0.6
0O 06 2 <
100 o 0.4
2 041 04 :
g 0.2
2 0.2+ 0.2 | 2
=
O o ‘ ‘ ‘ ‘ 0 : : : : ‘ 0
0 1 2 3 4 0 1 2 3 4 5 0 1 2 3 4 5
Value of Random Variable Value of Random Variable Value of Random Variable

Figure 3. 95 Percent Confidence Intervals of Cumulative Distribution Functions of Two Component Lognormal Distributions Fitted
to a Mixture Population Distribution (m=1.0, s1=0.5, m=2.0, s,=0.5) for n=25, 50 and 100, for w=0.1, 0.3 and 0.5 Based on

Bootstrap Simulation (B=500)
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Figure 4. 95 Percent Confidence Intervals of Cumulative Distribution Functions of Two Component Lognormal Distributions Fitted
to a Mixture Population Distribution (m=1.0, s1=0.5, m$=3.0, $,=0.5) for n=25, 50 and 100, for w=0.1, 0.3 and 0.5 Based on
Bootstrap Simulation (B=500)
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Figure 7. 95 Percent Confidence Intervals of Cumulative Distribution Functions of a Single Lognormal Distribution Fitted to a
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Note: For definitions of w,as, bs, ai, by, refersto the Equations (2) and (3) in text.

Figure 8. Scatter Plots of Bootstrap Simulation (B=500) Results for Parameters of Two Component Lognormal Mixture Distributions
for n=100, w=0.5 with Slightly Separated Components (m=1.0, s;=0.5, n3=2.0, s,=0.5).

38



prart: suomitied 10 RiISK Analysis

r'x"l B] "-1;1 P'.'
07 0.7 - 07 2 07 4
O L
06 0.6 .6 TN S 0.6 )
Wl oo 05 0.5 " "% 05 .
l-|-+.
X 4 i . %
4 0.4 4 . 0.4 . +*_;.+'b:’c: " 0.4
LR - 0.3+ T T T ] 0.3 - T T 035 -
0.4 02 ] 02 0.4 0.2 03 04 03 0.6 ) I 1.1 1.2 0 1 032 0.3
4 04 9 [\ ¥
02 . 0z : 02 '
; ". hi-"'-
oA o \ . np 2
o !, .
02 4 024 02 : L
.
{4 T 0.4 ] 4 : 2 :
0.2 03 0.4 0.4 (6 0.9 I 1 1.2 0 01 k] 0.3
0.6 i . X g "
3 o !
0.4 ot i 4 " .
i S - "y
I3 0.2 - 0.2
0 . , 0 ; )
b i 1.1 1.2 0 a1 a2 ik
1.2
#
DR W,
L1 d .
., b 2
1 | ! 5
0.9+ T T
] 0.1 02 0.3

Note: For definitions of w,ai, by, a, bl', refers to the Equations (2) and'(3) in text.

Figure 9. Scatter Plots of Bootstrap Simulation (B=500) Results for Parameters of Two Component Lognormal Mixture Distributions
for n=100, w=0.5 with Moderately Separated Components (m=1.0, s;=0.5, m=3.0, s,=0.5).
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Figure 10. Scatter Plots of Bootstrap Simulation (B=500) Results for Parameters of Two Component Lognormal Mixture
Distributions for n=100, w=0.5 with Highly Separated Components (m=1.0, s1=0.5, m=6.0, s,=0.
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Figure 11. Probability band for fitted mixture lognormal distribution (n=36, B=500).
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Figure 12. Probability band for fitted lognormal distribution (n=36, B=500).
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